Radiative corrections to scalar masses in de Sitter space by Brunier, T. et al.
ar
X
iv
:h
ep
-th
/0
41
21
86
v1
  1
6 
D
ec
 2
00
4
Radiative corrections to scalar masses in de Sitter space
Tristan Brunier and Francis Bernardeau∗
Service de Physique The´orique, CEA/DSM/SPhT,
Unite´ de recherche associe´e au CNRS, CEA/Saclay 91191 Gif-sur-Yvette ce´dex
Jean-Philippe Uzan†
Laboratoire de Physique The´orique, CNRS–UMR 8627,
Baˆt. 210, Universite´ Paris XI, F-91405 Orsay Cedex, France,
Institut d’Astrophysique de Paris, GReCO, CNRS-FRE 2435, 98 bis, Bd Arago, 75014 Paris, France.
We compute the radiative corrections to the mass of a test boson field in an inflating space-
time. The calculations are carried out in case of a boson part of a supersymmetric chiral multiplet.
We show that its mass is preserved up to logarithmic divergences both in ultraviolet and infrared
domains. Consequences of these results for inflationary models are discussed.
I. MOTIVATION
Quantum field theory in an inflating universe is thought to be the playground of the physical processes that took
place during the early Universe [1]. However little has yet been explicitly computed for self interacting fields [2]. Any
light bosonic fields with non minimal coupling that exist during an inflationary phase is bound to produce, together
with the inflaton field, superhorizon fluctuations that eventually might be visible in mechanisms such as isocurvature
modes generation from multi-field inflation [3, 4, 5, 6], curvaton models [7, 8], bent trajectory inflationary models
[9, 10] or modulated fluctuations [11]. If such fields are self interacting, for instance with a quartic potential, such
fluctuations might develop significant non-Gaussian features that in turn could be detected (see ref.[12] for a review).
This would be only possible however if the radiative corrections do not render the particle too massive, e.g. with a mass
larger than the Hubble constant H , to develop any fluctuations at all. One question then raised by phenomenological
investigations of this physics is whether the mass of a self interacting bosonic field can be protected against radiative
corrections.
Of course one expects such a theory to be renormalizable but it implies that the fundamental bare theory has to be
fine-tuned. The radiative correction to the mass of a self interacting boson should indeed be naively of the order of
δm2 ∼ λM2Pl (λ being the coupling constant). This question has been investigated in [22] in the case of the inflaton
field. In this case λ is generically small since, for the inflaton field λM2Pl has to be of the order of H
2. In the case
we are interested in, however, we have no such constraints on λ which can then be close to unity. For such values of
the coupling constant the scalar field becomes too heavy to develop significant fluctuations unless the cancellation is
precise over ten orders of magnitude - since H2/M2Pl ∼ 10−10 during inflation.
On the other hand light scalar fields are expected to be associated with fermions as parts of super-multiplets in
supersymmetric theories - such as in D or F -term inflation models [13, 14]. From the Minkowskian behavior, one
expects the largest divergences coming from the fermionic and bosonic loops to cancel out. The aim of this paper is
precisely to compute the radiative corrections to a test boson mass embedded in a chiral multiplet and when it lives in
an inflating universe. The test model will be the Wess-Zumino Lagrangian in an expanding universe, not necessarily
assumed to be de Sitter. The background evolution of the Universe is assumed to be driven by an other sector of the
theory.
We set up the formalism in section II. In section III we compute the two-point function to get the one loop effective
masses of the fields in any spacially flat Friedman-Lemaˆitre-Robertson-Walker (FLRW) spacetime. The ultraviolet and
infrared behaviors are discussed in section IV. We show in particular that the infrared divergences can be apprehended
in a classical approach. In the ultraviolet domain, the correction to the mass is found to be logarithmically divergent
and proportional to the spacetime curvature and the coupling constant. It shows that masses of light scalar fields do
not get a large contribution compared to the Hubble scale. Our results are put into perspective in the conclusion.
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2II. GENERAL SETUP
A. A toy model
We aim at studying radiative mass corrections in a generic Friedmann-Lemaitre-Robertson-Walker background with
flat spatial sections where the background is assumed to be driven by another sector of the theory. We will focuss on
the following Lagrangian
L = 1
2
gµνϕ∗∇µνϕ+ 1
2
ψ [iγαVα
µ(x)∇µ −m]ψ − λ√
2
ψ(φ1 − iγ5φ2)ψ −m |ϕ|2 −mλ |ϕ|2 (ϕ+ ϕ∗)− λ2 |ϕ|4 (1)
where ϕ = 1/
√
2(φ1 + iφ2) is a complex scalar field, ψ is a four-dimensional Majorana spinor and the γ
α are the flat
Dirac matrices. We also defined
ψ = ψ†γ0 , γ5 = iγ0γ1γ2γ3. (2)
The kinetic term for fermions involves the Vierbein which are defined as
V α µ(x) =
(
∂ζαX(x)
∂xµ
)
X=x
(3)
where the coordinates ζα(x) correspond to a locally inertial frame while xµ are the non-inertial coordinates. One can
check that the Vierbein behave like vectors under Lorenz transformation (index α) and under coordinate transforma-
tion (index µ). The metric gµν is related to the Minkowkian one ηαβ through
gµν(x) = V
α
µ(x)V
β
ν(x)ηαβ . (4)
To obtain an action which is invariant under Lorentz group and coordinates change, the derivatives of a spinor have
to be modified in the following way
∇α = Vα µ(x)∇µ = Vα µ(x)(∂µ + Γµ) (5)
where the spin connexion is defined by
Γµ(x) =
1
2
σαβVα
ν(x)∂µVβν(x), (6)
σαβ being the spinorial representation of the Lorentz group generators given in terms of the Dirac matrices
σαβ =
i
4
[γα, γβ]. (7)
Since we will focus on spacially flat FLRW spacetimes, the metric should be written in conformal time such as
gµν = a
2(η)ηµν . The Vierbein are simply expressed as V
α
µ(x) = aδ
α
µ and defining the conformal fields as
ϕ˜ = aϕ (8)
ψ˜ = a3/2ψ (9)
the Lagrangian takes the form
L = 1
a4
[1
2
ηµν ϕ˜∗∂µν ϕ˜+
1
2
ψ˜ (iγα∂α −ma) ψ˜+ a
′′
a
ϕ˜∗ϕ˜− λ√
2
ψ˜(φ˜1− iγ5φ˜2)ψ˜−m2a2 |ϕ˜|2−λ2 |ϕ˜|4−mλa |ϕ˜|2 (ϕ˜+ ϕ˜∗)
]
.
(10)
Recalling that the scalar curvature is given by R = 6a′′/a3, the bosons formally acquire an effective time-dependent
negative mass square proportional to the curvature
m2eff = −
1
6
R < 0 (11)
while the fermions stay massless. As we shall see in the following, quantum corrections to the mass in the context of
a cut-off regularisation lead to logarithmic divergences that are proportional to the curvature, as we should expect
from (11).
One can note that this Lagrangian is deduced from a Wess-Zumino model with the superpotential
W (Φ) =
1
2
m2Φ+
1
3
λΦ3. (12)
However, this is only a Wess-Zumino inspired toy model. Supersymmetric models in curved spacetime should be
carefully dealt with since the parameter of a supersymmetric transformation should be space and time dependent
[15, 16]. The background structure may forbid any coherent global supersymmetric approach.
3B. Quantizations of the fields
As we are interested in quantum corrections to masses, we shall quantize the fields in a curved background.
The bosonic fields in any potential U(φ) obey the Klein-Gordon equation which reads
1√−g∂µ(
√−ggµν∂νφ) = dU(φ)
dφ
. (13)
Setting χ = aφ and V (χ) = U(χ/a), one gets the equation of motion written in a spacially flat FLRW metric
χ′′ −∆χ = −a4dV
dχ
+
1
6
Ra2χ (14)
where R is the scalar curvature, a is the scale factor and a prime stands for a derivative with respect to the conformal
time. The friction term in (13) coming from the kinetic term has been absorbed in an effective mass term in (14).
Since flat spatial sections are considered, the free real scalar fields may be expanded on a plane wave basis
φ(~x, η) =
1
a(η)
∫
d3~k
(2π)3/2
[
uk(η)e
i~k·~xa~k + u
∗
k(η)e
−i~k·~xa†~k
]
(15)
=
1
a(η)
∫
d3~k
(2π)3/2
φ~k(η)e
i~k·~x. (16)
where the operators a~k and a
†
~k
are respectively the annihilation and creation operators and satisfy the equal time
commutations [
a~k, a
†
~k′
]
= δ(~k − ~k′), [a~k, a~k′] = 0, [a†~k, a†~k′] = 0. (17)
The canonical quantization imposes a condition on the Wronskian normalisation
uk(η)u
∗
k
′(η)− u∗k(η)u′k(η) = i. (18)
In the following, we will define the Wightman function to be
Gk(η, η
′) = uk(η)u
∗
k(η
′), (19)
its expression in a given background depending on the choice of the vacuum.
In a FLRW background with flat spatial sections, the Dirac equation reads
iγµ∂µ
(
a3/2ψ
)
−ma
(
a3/2ψ
)
= −dU
dψ
. (20)
In the massless case, a free spinor in a spacially flat FLRW spacetime is just conformal to a Minkowski spinor. In
the following, for the sake of simplicity we shall only consider massless fermions. Moreover, we will consider Majorana
spinors satisfying the conjugation relation
ψ = C(ψ)T (21)
where C is the charge conjugation matrix that satisfies the property C−1 = −C = CT . Consequently the decompo-
sition of a non-massive Majorana spinor on a plane wave basis is trivialy related to the Minkowskian decomposition
and reads
ψ(~x, η) =
1
a3/2
∫
d3~k
(2π)3/2
1√
2k
2∑
j=1
[
u(j)(k)e−ikηe+i
~k·~xbj~k
+ v(j)(k)e+ikηe−i
~k·~xbj
†
~k
]
(22)
where k stands for ‖~k‖ and u(j)(k) et v(j)(k) are four-components spinors related by u(j) = C(v¯(j))T . The fermionic
operators commute with the bosonic ones and satisfy the anticommutation relations{
bj~k
, bj
′†
~k′
}
= δjj′δ(~k − ~k′) ,
{
bj~k
, bj
′
~k′
}
= 0 ,
{
bj
†
~k
, bj
′†
~k′
}
= 0. (23)
4The free vacuum is defined by the conditions
a~k|0〉 = 0 bj~k|0〉 = 0 ∀ j,~k. (24)
As in Minkowski, the mode functions satisfy the completness relation
2∑
j=1
u(j)α (k)u¯
(j)
β (k) = k
µ(γµ)αβ =
2∑
j=1
v¯(j)α (k)v
(j)
β (k). (25)
Using the relations (21) and (25), one also finds
4∑
α,β=0
〈0|ψα(x′)ψβ(x′′)|0〉〈0|ψα(x′)ψβ(x′′)|0〉 = −
4∑
α,β=0
〈0|ψα(x′)ψβ(x′′)|0〉〈0|ψα(x′)ψβ(x′′)|0〉
= − 1
a3(η′)a3(η′′)
∫
d3~p1d
3~p2
(2π)6
∆p1,p2(η
′, η′′)ei(~p1+~p2)·(~x
′−~x′′) (26)
with
∆p1,p2(η
′, η′′) =
ηµνp1µp2ν
4p1p2
e−i(p1+p2)(η
′−η′′) (27)
where we set pi = ‖~pi‖.
We are now ready to calculate radiative mass corrections. In the next section, we set up the formalism we shall use
to study one loop mass correction in Yukawa potentials and compare our results to the effect of a small mass.
III. MASS CORRECTION
A. Quantum level formalism
In order to study radiative mass corrections in a generic spacially flat FLRW background, we are interested in the
calculation of the two-point function
η1〈0|φ~k1(η1)U(η1, η2)φ~k2 (η2)|0〉η2 (28)
where φ is a scalar field, |0〉ηi is the vacuum state at the time ηi and U(η1, η2) is an evolution operator that makes a
state evolve from the conformal time η2 to the conformal time η1.
In a free field theory, this expression may be easily computed. For example in an Heisenberg picture, the vacuum
state does not evolve and the form of the field depends only on the background and on the choice of the vacuum state.
However this expression must be modified in an interacting field theory and the corrections can only be evaluated
order by order in the coupling constants in a perturbation theory approach.
In an interaction picture, the states evolve under the action of the interactions while the fields evolve as if they
were free. In this representation, the vacuum state evolves as
|0〉η = U(η, η0)|0〉 (29)
where |0〉 is a free vacuum at some time η0, assumed far in the past. The two-point function becomes
η1〈0|φ~k1(η1)U(η1, η2)φ~k2(η2)|0〉η2 = 〈0|U(η1, η0)
−1φ~k1(η1)U(η1, η2)φ~k2(η2)U(η2, η0)|0〉 (30)
where the operator U(η1, η0)
−1 is just the inverse of the evolution operator U(η1, η0), that is to say U(η0, η1).
One can find an explicit representation the operator U(η1, η2) which reads in the interaction picture
U(η1, η2) = T
[
e
−i
∫
η1
η2
dη′HI (η
′)
]
(31)
where HI(η) is the interaction hamiltonian and η1 is a conformal time greater than η2.
One has to be careful with time ordering since, for η1 < η2,
U(η2, η1) = A
[
e
+i
∫
η1
η2
dη′HI (η
′)
]
(32)
where A stands for the anti-time ordering operator.
5B. Effect of a small mass
Let us study the correction to the non-massive scalar mode function from a potential of the form
U(φ) =
δm2
2
φ2 (33)
where δm2 is assumed to be a small parameter.
As a first approximation, we can decompose the scalar field on a plane wave basis, taking into account the loop
correction. The field then reads
χ(~x, η) =
∫
d3~k
(2π)3/2
[
vk(η)e
i~k·~xa~k + v
∗
k(η)e
−i~k·~xa†~k
]
(34)
where we defined
vk(η) = u
(0)
k (η) + u
(1)
k (η) +O(δm4). (35)
The mode function u
(0)
k is the free mode function whereas u
(1)
k is the first order correction in δm
2.
Expanding the mode function in power of the small parameter δm2 in the equation of motion, one gets the system
u
′′(0)
k +
(
k2 − a
′′
a
)
u
(0)
k = 0 (36)
u
′′(1)
k +
(
k2 − a
′′
a
)
u
(1)
k = −δm2a2u(0)k (37)
that could be solved using the retarded Green function
GR(η, η′) = −iΘ(η − η′)
[
u
(0)
k (η)u
(0)
k
∗
(η′)− u(0)k
∗
(η)u
(0)
k (η
′)
]
(38)
where Θ is the Heaviside function. In the last expression, we used the normalisation (18). To first order in δm2, the
correction to the mode function reads
u
(1)
k (η) = −
∫
dη′δm2a2(η′)u
(0)
k (η
′)GR(η, η′). (39)
Expanding the Wightman function as
Gk(η1, η2) = u
(0)
k (η1)u
(0)
k
∗
(η2) + u
(1)
k (η1)u
(0)
k
∗
(η2) + u
(0)
k (η1)u
(1)
k
∗
(η2) +O(δm4) (40)
and inserting (39) into (40), one then obtains
Gk(η1, η2) = G
(0)
k (η1, η2) + 2
∫ η2
−∞
dη′δm2a2(η′)Im
[
G
(0)
k (η1, η
′)G
(0)
k (η2, η
′)
]
+ 2
∫ η1
η2
dη′δm2a2(η′)G
(0)
k
∗
(η2, η
′)Im
[
G
(0)
k (η1, η
′)
]
. (41)
This correction to the free propagator should be compared to the divergences which may be induced by other
potentials such as Yukawa couplings of the Wess-Zumino model.
C. Radiative mass correction from a bosonic loop
Let us now compute the one loop scalar self-mass induced by a quartic potential
V (φ) =
λ
4
φ4 (42)
with the related interaction Hamiltonian
HI(η) =
∫
d3~x
√−gλ
4
φ4(x) =
∫
d3~x
λ
4
χ4(x). (43)
6Expanding the evolution operator to first order in λ, we get from eq. (30)
η1〈0|χ~k1(η1)χ~k2(η2)|0〉η2 = − i
∫ η2
η0
dη′〈0|
[
χ~k1(η1)χ~k2 (η2), HI(η
′)
]
|0〉
− i
∫ η1
η2
dη′〈0|
[
χ~k1(η1), HI(η
′)
]
χ~k2(η2)|0〉. (44)
Using the Wick theorem, this expression transforms into
η1〈0|χ~k1(η1)χ~k2 (η2)|0〉η2
= 6λ
∫ η2
η0
dη′
∫
d3~x′Im
[
〈0|χ~k1(η1)χ(x
′)|0〉〈0|χ~k2(η2)χ(x
′)|0〉〈0|χ(x′)χ(x′)|0〉
]
+ 6λ
∫ η1
η2
dη′
∫
d3~x′Im
[
〈0|χ~k1(η1)χ(x′)|0〉
]
〈0|χ(x′)χ~k2(η2)|0〉〈0|χ(x′)χ(x′)|0〉. (45)
Finally, using the definition (19) one finds the contribution from the bosonic loop
η1〈0|χ~k1(η1)χ~k2(η2)|0〉η2 = 6λδ(~k1 + ~k2)
∫ η2
η0
dη′Im [Gk(η1, η
′)Gk(η2, η
′)]
∫
d3~p
(2π)3
Gp(η
′, η′)
+ 6λδ(~k1 + ~k2)
∫ η1
η2
dη′Im [Gk(η1, η
′)]G∗k(η2, η
′)
∫
d3~p
(2π)3
Gp(η
′, η′). (46)
Comparing eqs.(41) and (46), one finds a mass contribution from the quartic interaction at one loop order
δm2B =
3λ
a2(η′)
∫
d3~p
(2π)3
Gp(η
′, η′) (47)
This result holds in any spacially flat FLRW spacetime.
D. Scalar self-mass from the fermionic loops
We now pay attention to the contribution from fermionic loops through a Yukawa coupling of the form
V (φ, ψ) =
λ√
2
ψφψ (48)
where ψ is a four component Majorana spinor. The interaction Hamiltonian is given by
HI(η) =
∫
d3~x
√−g λ√
2
φ(x)ψ(x)ψ(x). (49)
The two-point function (30) involves three different evolution operators namely U(η2, η0), U
−1(η1, η0) and U(η1, η2).
The first non vanishing contribution - after the tree level - comes from the expansion of those operators to second
order in the coupling constant. Expanding the first two as
U(η2, η0) = 1− i
∫ η2
η0
dη′HI(η
′)−
∫ η2
η0
dη′
∫ η′
η0
dη′′HI(η
′)HI(η
′′) +O(λ3) (50)
U−1(η1, η0) = 1 + i
∫ η1
η0
dη′HI(η
′)−
∫ η1
η0
dη′
∫ η′
η0
dη′′HI(η
′′)HI(η
′) +O(λ3) (51)
leads to three different terms in the two-point function (30)
−
∫ η2
η0
dη′
∫ η′
η0
dη′′〈0|φ~k1(η1)φ~k2 (η2)HI(η′)HI(η′′)|0〉 , (52)
−
∫ η1
η0
dη′
∫ η′
η0
dη′′〈0|HI(η′′)HI(η′)φ~k1 (η1)φ~k2 (η2)|0〉 , (53)∫ η1
η0
dη′
∫ η2
η0
dη′′〈0|HI(η′)φ~k1(η1)φ~k2 (η2)HI(η
′′)|0〉 (54)
7whereas including the expansion of U(η1, η2) exhibits three other terms
−
∫ η1
η2
dη′
∫ η′
η2
dη′′〈0|φ~k1(η1)HI(η
′)HI(η
′′)φ~k2(η2)|0〉 , (55)∫ η1
η0
dη′
∫ η1
η2
dη′′〈0|HI(η′)φ~k1(η1)HI(η′′)φ~k2 (η2)|0〉 , (56)
−
∫ η1
η2
dη′
∫ η2
η0
dη′′〈0|φ~k1(η1)HI(η
′)φ~k2 (η2)HI(η
′′)|0〉. (57)
All those terms describe fermionic loops and involve contractions over spinorial operators as well as integrations
over running momenta. Such expressions - introduced in section II (see eqs.(26) and (27)) - only depend on the
following quantity
f(η′, η′′; Λ, k) =
∫
d3~p1
(2π)3
∫
d3~p2∆p1,p2(η
′, η′′)δ(~p1 + ~p2 − ~k), (58)
where ∆p1,p2(η
′, η′′) is given by eq.(27) and Λ is a ultraviolet three-dimensional cut-off. The integration in the
infrared sector does not lead to any divergence as it could be expected from the spinors being conformal to Minkowski.
Summing all the terms (52-57) and noting that f∗(η′, η′′; Λ, k) = f(η′′, η′; Λ, k), the two-point function may be written
in a simpler form after cumbersome calculations
η1〈0|χ~k1(η1)χ~k2(η2)|0〉η2 = 4λ2δ3(~k1 + ~k2)
(
∫ η2
η0
dη′
∫ η′
η0
dη′′
{
Im [Gk(η1, η
′)] Im [Gk(η2, η
′′)f(η′, η′′; Λ, k1)]
+ Im [Gk(η2, η
′)] Im [Gk(η1, η
′′)f(η′, η′′; Λ, k1)]
}
+
∫ η1
η2
dη′
∫ η′
η0
dη′′G∗k(η2, η
′′)Im [Gk(η1, η
′)] Im [f(η′, η′′; Λ, k))]
+
∫ η1
η2
dη′
∫ η2
η0
dη′′Im [Gk(η1, η
′)] Im [Gk(η2, η
′′)] f(η′, η′′; Λ, k)
)
. (59)
As low running momenta do not contribute to f(η′, η′′; Λ, k), there is no infrared contribution to the bosonic masses.
Thus the radiative corrections come from the ultraviolet regime, i.e. from large momenta. The expression (27) being
a product of a divergent function by an oscillating one, the main contribution occurs when the conformal times are
close to each other. We can then expand the expression (59) with respect to the infinitely small parameter ǫ = η′′− η′
and the expansion of the Wightman function reads
Gk(η, η
′′) = Gk(η, η
′) + (η′′ − η′)G′k(η, η′) +
(η′′ − η′)2
2
G′′k(η, η
′) +O [(η′′ − η′)3] (60)
where ′ stands for a derivation with respect to the second variable. We also define the real quantities indexed by j
Ij(Λ, k) = (−i)j−1
∫ η′
η0
dη′′
(η′′ − η′)j
j!
∫
d3~p1
(2π)3
∫
d3~p2∆p1,p2(η
′, η′′)δ(~p1 + ~p2 − ~k1)
=
∫
d3~p1
(2π)3
∫
d3~p2
1
(p1 + p2)j+1
[
1− ~p1 · ~p2
p1p2
]
δ(~p1 + ~p2 − ~k) (61)
to get the expansion ∫ η′
η0
dη′′Gk(η, η
′′)f(η′, η′′; Λ, k) =
∑
j
ij−1G
(j)
k (η, η
′)Ij(Λ, k). (62)
The computations of Ij(Λ, k) for j = 0, 1, 2 are sufficient since Ij(Λ, k) converges for j > 2 and give
I0(Λ, k) =
Λ2
4π2
− k
2
8π2
ln
(
Λ
k
)
+O
(
k
Λ
)
, (63)
8I1(Λ, k) =
1
4π2
Λ +O
(
k
Λ
)
, (64)
I2(Λ, k) =
1
8π2
ln
(
Λ
k
)
+O
(
k
Λ
)
. (65)
Using the equation of motion for the Wightman function in the background metric
G′′k(η, η
′) + k2Gk(η, η
′) =
a′′
a
Gk(η, η
′) (66)
and inserting eq.(62) into eq.(59), the loop correction reads
η1〈0|χ~k1(η1)χ~k2(η2)|0〉η2 = −
λ2
π2
δ(~k1 + ~k2)
{
∫ η2
η0
dη′
[
Λ2 − a
′′
2a
ln
(
Λ
k
)]
Im [Gk1(η1, η
′)Gk1 (η2, η
′)]
+
∫ η1
η2
dη′
[
Λ2 − a
′′
2a
ln
(
Λ
k
)]
G∗k1(η2, η
′)Im [Gk1(η1, η
′)]
}
− λ
2
4π2
Re [Gk(η1, η2)] ln
(
Λ
k
)
+ 4λ2
∫ η1
η2
dη′
∫ η2
η0
dη′′Im [Gk(η1, η
′)] Im [Gk(η2, η
′′)] f(η′, η′′; Λ, k). (67)
Let us compute the last term. Its main contribution comes from η′′ and η′ being close to η2. We can then expand the
Green function with η′ − η2 → 0 and η′′ − η2 → 0
Im [Gk(η1, η
′)] Im [Gk(η2, η
′′)] =
∑
j,l
Im
[
G
(j)
k (η1, η2)
]
Im
[
G
(l)
k (η2, η2)
] (η′ − η2)j
j!
(η′′ − η2)l
l!
. (68)
We are left with two terms of the form∫ η2
η0
dη′′
(η′′ − η2)j
j!
e−i(p1+p2)(η2−η
′′) =
ij−1
(p1 + p2)j+1
, (69)∫ η1
η2
dη′′
(η′ − η2)j
j!
e−i(p1+p2)(η
′−η2) =
(−i)j−1
(p1 + p2)j+1
[
e−i(p1+p2)(η2−η1) − 1
]
. (70)
The equation (70) provides us with a term whose phase is proportional to the difference of the conformal times. Since
this term oscillates rapidly when |η1−η2| > 1/Λ, we can neglect its ultraviolet contribution unless the times are equal,
which would lead to a trivial result for (70).
The last term of eq. (67) then becomes∫ η1
η2
dη′
∫ η2
η0
dη′′Im [Gk(η1, η
′)] Im [Gk(η2, η
′′)] f(η′, η′′; Λ, k)
=
∑
j,l
Im
[
G
(j)
k (η1, η2)
]
Im
[
G
(l)
k (η2, η2)
]
(i)l−jIl+j+1(Λ, k). (71)
The only divergent term is obtained when l = 1 and j = 0 and reads
− i Im [Gk(η1, η2)] Im [G′k(η2, η2)] I2(Λ, k) = −
i
2
Im [Gk(η1, η2)] I2(Λ, k) (72)
where we used eq. (18).
Finally, we are left with
η1〈0|χ~k1(η1)χ~k2(η2)|0〉η2 = −
λ2
π2
δ(~k1 + ~k2)
{
9∫ η2
η0
dη′
[
Λ2 − a
′′
2a
ln
(
Λ
k
)]
Im [Gk1(η1, η
′)Gk1(η2, η
′)]
+
∫ η1
η2
dη′
[
Λ2 − a
′′
2a
ln
(
Λ
k
)]
G∗k1(η2, η
′)Im [Gk1(η1, η
′)]
− 1
4
Gk(η1, η2) ln
(
Λ
k
)}
. (73)
There is no linear divergence left, in agreement with the local Lorentz invariance. The additional term may be
cancelled by a field strength renormalisation setting
vk(η)→ (1 + δZ)vk(η). (74)
with
δZ = − λ
2
8π2
ln
(
Λ
µ
)
(75)
where µ is a typical energy scale depending on the renormalisation condition. ¿From eq.(41), one can see that the
fermionic loop gives a mass to the scalar field
δm2F = −
λ2
2π2a2(η)
[
Λ2 − a
′′
2a
ln
(
Λ
µ
)]
. (76)
One can remark a background dependent logarithmic divergence proportional to the scalar curvature.
In the case of a Yukawa coupling (48), the propagator of fermions is just modified by a trace over an odd number
of gamma matrices which vanishes. Fermions do not acquire a mass through a Yukawa coupling.
IV. INTERPRETATION
In the context of the Lagrangian (1), the one loop scalar masses read from eqs.(47) and (76)
δm2 =
λ2
2π2a2(η)
[
4
∫
dpp2Gp(η, η) − Λ2 + a
′′
2a
ln
(
Λ
µ
)]
. (77)
In the following, we compute this expression for different FLRW spacetimes and special attention is paid to de Sitter
spacetime.
A. Flat spacetime
In the flat case, the exact computation of the radiative mass corrections in the massive case may be easily dealt
with and one expects to recover the Minkowski results by setting a = 1 and
Gk(η, η) =
1
2ωk
=
1
2
√
k2 +m2
. (78)
Considering a non-vanishing mass entails an additional correction from the trilinear coupling in the bosonic sector.
Finally, one finds a zero mass correction for both the scalar fields and a field strength renormalisation as it should be
expected from a supersymmetric model in Minkowski spacetime [15, 17].
B. Generic flat FLRW spacetime
To compute the expression (77) in a generic flat FLRW spacetime, we need to specify a vacuum since the choice of a
vacuum state is not imposed [2]. The simplest choice consists in a Bunch-Davies vacuum whose limit is Minkowskian
far in the past. With this convention, for any spatially flat FLRW spacetime with constant acceleration, the mode
function is given by [18]
uk(η) =
√
πrxr
4k
xαH(1)ν (rx) (79)
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where
y = − 1
aH2
dH
dη
= − 1
H2
dH
dt
, r =
1
1− y , ν = r +
1
2
, α = − r
2
y , x =
k
aH
(80)
and where H
(1)
ν is the Hankel function of the first kind with the index ν. We will only pay attention to period with
constant acceleration, i.e. y = cst. To study the ultraviolet divergences, we shall use the following expansion (see e.g.
[19])
H(1)ν (z) =
√
2
πz
ei(z−ν
pi
2−
pi
4 )
∞∑
n=0
Γ(ν + n+ 12 )
n!Γ(ν − n+ 12 )
(
i
2z
)n
. (81)
Expanding the expression (79) for large momenta, one gets
uk(η) =
1√
2k
ei(rx−rπ/2−π/2)
[
1 + i
r + 1
2x
− (r + 2)(r
2 − 1)
8rx2
]
+O
(
1
x3
)
(82)
which leads to
Gk(η, η) = uk(η)u
∗
k(η) =
1
2k
(
1 +
r + 1
2rx2
)
+O
(
1
x4
)
=
1
2k
(
1 +
a′′
2a
1
k2
)
+O
(
1
x4
)
. (83)
Inserting this result into (77), one obtains the one loop mass correction in any constant acceleration FLRW spacetime
in the ultraviolet regime
δm2 = δm2B + δm
2
F =
3λ2
4π2
a′′
a3
ln
(
Λ2
µ2
)
+O
(µ
Λ
)
(84)
where µ is a typical energy scale.
There is no quadratic divergence left since we should recover a supersymmetric action on small scales. The local
Lorentz invariance prevents any linear divergence. The only remaining one is due to the curvature which is in
agreement with (11) and follows directly from a WKB approximation from the equation of motion (14).
The infrared regime may also lead to divergences. We will only pay attention to the infrared divergence due to the
bosonic loops since low momenta from the fermionic loops have no contribution. Using the following expansion in the
case of a non-integer index [19]
H(1)ν (z) ∼
1
Γ(1 + ν)
(z
2
)ν
+
i
sin(πν)
1
Γ(1− ν)
(z
2
)−ν
, (85)
the Wightmann function reads in the small momentum limit
Gk(η, η) ∼ πr
4aH
[
(r/2)2ν
Γ2(1 + ν)
(
k
aH
)2α+r−1+2ν +
1
sin2(πν)
(r/2)−2ν
Γ(1 − ν) (
k
aH
)2α+r−1−2ν
]
. (86)
Inserting this expansion into eq. (47) gives a vanishing contribution if both the integrals converge, i.e. if
2α+ r + 1 + 2ν > −1 and 2α+ r + 1− 2ν > −1.
Hence, in the massless case, there are infrared divergences for any |ν| > 3/2. For a scale factor growing as a(t) ∼ tβ ,
we get from eq.(80)
ν =
3β − 1
2β − 2 . (87)
For power law expansion such as β > 2/3, the scalar mass gets an infrared divergent contribution. In the limit of a
massless scalar field in a de Sitter space, ν exactly equals 3/2 and an infrared logarithmic divergence does appear.
This infrared behavior has been investigated in [20].
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C. Consequences on de Sitter inflation
In this subsection, we apply the previous results to the specific case of de Sitter spacetime which is assumed to
properly describe the phase of inflation in the early universe. In particular, light scalar fields are bound to generate
significant fluctuations during inflation if their masses are small compared to the Hubble scale. We want to check
that their masses are protected against one loop mass corrections.
In the following, we shall consider a coupling to the curvature which may be added to the Lagrangian (1). The
curvature in a de Sitter spacetime is constant and given by R = 12H2. Hence, the additional potential looks like a
mass term for the scalars
V (φ) =
1
2
ξR(φ21 + φ
2
2). (88)
Using the previous results, the effective masses found in (11) read
m2eff ≃ −
a′′
a3
+
1
2
ξR = 2(6ξ − 1)H2. (89)
This effective mass is constant and vanishes in the case of conformally coupled scalar fields. To express the quantum
corrections to the masses, let us choose the Bunch-Davies vacuum [2] for which the mode function reads
uk(η) =
√
π
4k
√
−kηH(1)ν (−kη) (90)
where H
(1)
ν is the Hankel function of the first kind and ν2 = 9/4− 12ξ. Applying the previous expansions of Hankel
function, the self mass in the ultraviolet regime reads
δm2 =
3λ2H2
2π2
(1− 6ξ) ln
(
Λ
µ
)
. (91)
Not surprisingly, there is no additional ultraviolet logarithmic divergence for a conformally coupled scalar field
with ξ = 1/6.
The de Sitter solutions for the massive mode functions are well known and read in the Bunch-Davies vacuum
uk(η) =
√
π
4k
√
−kηH(1)ν′ (−kη) (92)
with ν′2 = 9/4 − m2/H2 − 12ξ. From eqs. (47) and (85), we can see that the contribution to the mass from the
infrared regime vanishes for any index such as |Re(ν′)| < 3/2, i.e. as soon as m2 + 12ξH2 > 0.
These results may be applied to the minimally coupled case for which the Wigthman function takes the simpler
form
Gk(η, η) =
1
2k
(1 +
1
k2η2
). (93)
The radiative mass corrections read
δm2B =
λ2
2π2a2
[
Λ2 + 2a2H2 ln
(
Λ
ΛIR
)]
, (94)
δm2F = −
λ2
2π2a2
[
Λ2 − a2H2 ln
(
Λ
µ
)]
, (95)
δm2 = δm2B + δm
2
F =
3λ2H2
2π2
ln
(
Λ
µ
)
+
λ2H2
π2
ln
(
µ
ΛIR
)
. (96)
For the light scalar fields to develop a significant fluctuations one should get rid of quadratic divergences - as it is
the case in supersymmetric models - and impose a condition to the coupling constant such as the mass is protected
against radiative correction
λ2 ln
(
Λ
µ
)
≪ 1 (97)
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which could be easily satisfied for a coupling constant smaller than 10−2.
The infrared divergence that appears in the mass corrections is related to the large scale structure of spacetime
and have been extensively discussed in the literature [2, 18, 21, 22, 23, 24, 25, 26, 27]. Such a divergence naturally
appears in the real space propagator, the cut-off being of order of the initial comoving horizon, i.e. :
ΛIR ≃ a0H, (98)
where a0 is the scale factor at some initial time [33]. In the context of de Sitter spacetime, the transition between a
quantum and a classical behavior occurs at the horizon crossing : perturbations modes leave the horizon and behave
classically outside the horizon [9, 28, 29]. It is then natural to pay attention to a classical description of the divergences
which is the aim of the following subsection.
D. Connection to a classical viewpoint
During inflation, the universe exponentially grows. The equation of evolution for a stochastic classical field which
describes the large scale perturbations is given by eq.(13) in the low momentum limit
δs′′ + 2Hδs′ = −a2S(δs) (99)
where S stands for the source term. In the case of a parabolic potential (33) with a quartic self interaction (42), it
takes the form
S(δs) = δm2δs+ λδs3. (100)
In a pertubative approach, we can expand the field into powers of the coupling constant
δs = δs(0) + δs(1) + ... (101)
and define the Fourier transform of the field for each order of perturbation
u
(n)
~k
(η) =
∫
d3~k
(2π)3/2
δs(n)(~x, η)e−i
~k·~x. (102)
As a stochastic gaussian field, u
(0)
~k
has the following properties
u
(0)
~k
∗
= u
(0)
−~k
(103)
〈u(0)~k u
(0)
~k′
〉 = δ3(~k + ~k′)P (k) (104)
where the brackets stand for an ensemble average and the power spectrum, P (k), entirely defines the field distribution.
To zeroth order, the modes are frozen and we get from the equation of motion
δs(0) = cst. (105)
The first order is sourced by the free field
δs(1)
′′
+ 2Hδs(1)
′
= −a2S(δs(0)) (106)
where all the time dependence in the r.h.s. is expressed in the factor a2. We then get
δs(1)
′
(~x, η1) = −S(δs(0))e−
2
a(η1)
∫ η1
η0
dη2 a(η2)
2e
2
a(η2) . (107)
In the case of a parabolic potential (33), the first order mode function becomes in momentum space
u
(1)
~k
(η) = −δm2I(η)u(0)~k (108)
where we defined
I(η) =
∫ η
η0
dη1e
− 2
a(η1)
∫ η1
η0
dη′ a(η′)2e
2
a(η′) . (109)
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Inserting eqs.(103), (104) and (108) into (40), one gets
〈u~k(η1)u~k′(η2)〉 = δ3(~k + ~k′)P (k)− δm2δ3(~k + ~k′)P (k) [I(η1) + I(η2)]
∫
d3~p
(2π)3
P (p). (110)
In the case of a quartic potential (42), one finds in momentum space
u
(1)
~k
(η) = −λI(η)
∫
d3~k1
(2π)3/2
∫
d3~k2
(2π)3/2
∫
d3k3δ
3(~k1 + ~k2 + ~k3 − ~k)u(0)~k1 u
(0)
~k2
u
(0)
~k3
(111)
and the two-point function becomes
〈u~k(η1)u~k′(η2)〉 = δ3(~k + ~k′)P (k)− 3λδ3(~k + ~k′)P (k) [I(η1) + I(η2)]
∫
d3~p
(2π)3
P (p). (112)
The correction to the mass from the quartic interaction reads
δm2 = 3λ
∫
d3~k
(2π)3
P (k) (113)
which is the same result as in the quantum level calculation since
P (k) =
1
a2
Gk(η, η) (114)
with k going to zero. In the case of a Harrison-Zeldovitch spectrum, i.e. P (k) ∼ k−3, one recovers the same infrared
logarithmic divergence as in the previous subsection.
V. CONCLUSION
We calculated the radiative corrections to the masses of test scalar and fermionic fields in a Wess-Zumino toy model
embedded in a spatially flat FLRW spacetime. Our results emphasized that the curvature acts as an effective time
dependent mass m2eff = −R/6 for bosons whereas fermions stay massless. In a de Sitter spacetime, this effective mass
is constant and given by the Hubble scale.
The final results show that radiative corrections exhibit divergent contributions to the scalar masses both in the
ultraviolet and infrared regimes. The leading ultraviolet divergences, quadratic and linear in the energy cutoff,
cancelled both as expected since one should recover the Minkowskian structure in any locally inertial frame. However
a subleading ultraviolet divergence, logarithmic in the energy cutoff and proportional to the spacetime curvature,
survives. If it gives masses to scalar fields, it does not however render them too heavy compared to the Hubble scale.
Hence, no significant fine tuning will be required for those fields to develop superhorizon fluctuations. Moreover, the
infrared divergences that we observe arise as soon as the scale factor grows faster than t2/3. They can be interpreted
as those due to a self-interacting stochastic classical field.
These results call for some comments.
First, one should carefully deal with supersymmetric models in an expanding universe. In supergravity theories,
the behavior of the fields - including the graviton and the gravitino - has to be deduced from an action which is
locally supersymmetric. This task is often difficult to handle with. Imposing an expansion of the background, i.e. a
dynamics for the graviton, and setting the vacuum expectation values of the fermions to zero would generally lead to
a supersymmetry breaking as confirmed by our result.
In this context, the use of the Coleman-Weinberg formula in case of an expanding universe can be questioned.
For instance, in inflationary models - such as F or D-term inflation models - the one loop effective terms due to the
curvature should be compared to the usual one loop terms of the flat spacetime limit [30]. Although one does not
expect this contribution to deeply affect the dynamics at one loop order, consequences of such terms should probably
be studied in more details [31, 32].
Finally what we have shown here is that light test scalar fields do not acquire a contribution larger than the
Hubble constant from one loop corrections when they are embedded in chiral multiplet. This result extents what
was known for the inflaton field. As a consequence it is reasonable to assume that light scalar fields more or less
generically develop superhorizon isocurvature fluctuations. And then, as was shown in [9], nothing prevents those
from containing significant non-Gaussianities although whether it is generically the case is still an open question. It
anyway puts non-Gaussian inflationary models on a much firmer ground.
14
Acknowlegment: We want to thank J. Mourad, R.P. Woodard, J. Iliopoulos, N. Chatillon, P. Brax, J. Rocher
for fruitful discussions.
[1] S. Mukhanov and G.V. Chibisov, JETP Lett. 33 (1981) 532;
S.W. Hawking, Phys. Lett. B 115 (1982) 295;
V.F. Mukhanov, H.A. Feldman, and R.H. Brandenberger, Phys. Rept. 215 (1992) 203.
A.D. Linde, Particle physics and inflationary cosmology, Harwood (Chur, Switzerland, 1990);
[2] N.D. Birrel and P.C.W. Davies, Quantum fields in curved space, Cambridge University Press (1982).
[3] A.D. Linde, Phys. Lett. B 158 (1985) 375;
L.A. Kofman, Phys. Lett. B 173 (1986) 400;
D. Polarski and A.A. Starobinsky, Phys. Rev. D 50 (1994) 6123;
J. Garcia-Bellido and D. Wands, Phys. Rev. D 53 (1996) 5437;
V.F. Mukhanov and P.J. Steinhardt, Phys. Lett. B 422 (1998) 52;
D. Langlois, Phys. Rev. D 59 (1999) 123512;
C. Gordon, D. Wands, B.A. Basset and R. Maartens, Phys. Rev. D 63 (2000) 023506;
J.H. Hwang and H. Noh, Phys. Lett. B 495 (2000) 277.
[4] M. Bucher, K. Moodley and N. Turok, Phys. Rev. D66 (2002) 023528;
D. Langlois and A. Riazuelo, Phys. Rev. D62 (2000) 043504;
M. Bucher, K. Moodley and N. Turok, Phys. Rev. Lett. 87 (2001) 191301.
[5] D.S. Salopek and J.R. Bond, Phys. Rev. D42 (1990) 3936;
D. La and P.J. Steinhardt, Phys. Rev. Lett. 62 (1989) 376;
K. Yamamoto et al., Phys. Rev. D46 (1992) 4206;
A.D. Linde and V.F. Mukhanov, Phys. Rev D56 (1997) 535;
I. Antoniadis, P.O. Mazur and E. Motola, astro-ph/9705200.
[6] N. Bartolo, S. Matarrese and A. Riotto, Phys. Rev. D 64 (2001) 083514;
N. Bartolo, S. Matarrese, and A. Riotto, Phys. Rev. D65 (2002) 103505.
[7] D.H. Lyth and D. Wands, Phys Lett. B 524 (2002) 5;
D.H. Lyth, C. Ungarelli, D. Wands, Phys. Rev. D67 (2003) 023503.
[8] N. Bartolo, S. Matarrese, A. Riotto, Phys. Rev. D69 (2004) 043503.
[9] F. Bernardeau and J.-P. Uzan, Phys.Rev. D66 (2002) 103506.
[10] F. Bernardeau and J.-P. Uzan, Phys.Rev. D67 (2003) 121301(R).
[11] L. Kofman, astro-ph/0303614; G.R. Dvali, A. Gruzinov and M. Zaldarriaga, Phys. Rev. D69 (2004) 023505;
F. Bernardeau, L. Kofman and J.-P. Uzan, Phys. Rev. D70 (2004) 083004.
[12] N. Bartolo, E. Komatsu, S. Matarrese, A. Riotto, Phys. Rept. 402 (2004) 103-266.
[13] P. Binetruy and G.R. Dvali, Phys. Lett. B 388 (1996) 241-246;
G.R. Dvali, Phys. Lett. B 387 (1996) 471-477;
G.R. Dvali, Q. Shafi, R. K. Schaefer, Phys. Rev. Lett. 73 (1994) 1886-1889.
[14] D.H. Lyth and A. Riotto, Phys.Rept. 314 (1999) 1-146.
[15] D. Bailin and A. Love, Supersymmetric Gauge Field Theory and String Theory, Institute of Physics Publishing (1994).
[16] B. de Wit, Supergravity, Lecture notes 2001 Les Houches Summerschool, hep-th/0212245.
[17] M.T. Grisaru, M. Rocek and W. Siegel, Nucl. Phys. B159 (1979) 429.
[18] N.C. Tsamis and R.P. Woodard, Class.Quant.Grav. 20 (2003) 5205-5223.
[19] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, series and products, ed. Academic, N.Y. (1980).
[20] L.H. Ford and L. Parker, Phys.Rev. D16 (1977) 2 245.
[21] A.A. Starobinsky, Phys. Lett. B117 (1982) 175.
[22] A.D. Linde, Phys. Lett. B116 (1982) 335.
[23] A. Vilenkin and L.H. Ford, Phys.Rev. D26 (1982) 1231.
[24] V.K. Olemni and R.P. Woodard, Class.Quant.Grav. 19 (2002) 4607, gr-qc/0204065.
[25] V.K. Olemni and R.P. Woodard, Quantum effects can render w < −1 on cosmological scales, Phys. Rev. D70 (2004)
107301.
[26] N.C. Tsamis and R.P. Woodard, Class.Quant.Grav. 11 (1994) 2969-2989.
[27] T. Brunier, V.K. Olemni and R.P. Woodard, gr-qc/0408080.
[28] A.A. Starobinsky and J. Yokoyama, Phys.Rev. D50 (1994) 6357.
[29] A.A. Starobinsky, “Stochastic de Sitter (inflationary) stage in the early universe”, in Field Theory, Quantum Gravity and
Strings, (1986) 107-126 ed. by H.J. de Vega and N. Sanchez.
[30] S. Coleman and E. Weinberg, Phys. Rev. D7 (1973) 1888.
[31] G.M. Shore, Ann. Phys. 128 (1980) 376-424.
[32] A.L. Berkin, Phys. Rev. D46 (1992) 1551-1559.
[33] The correction to the mass from the bosonic loop has also been computed in another way in [27]. These two results are
compatible in the only case of a time dependent cut-off growing as the scale factor, i.e. being proportional to the comoving
15
horizon in a de Sitter space.
